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ABSTRACT 
An overview of the history and current practices of laser beam shaping is presented.  When diffraction effects are not 
important, geometrical methods for laser beam shaping (ray tracing, conservation of energy within a bundle of rays, and 
the constant optical path length condition) can be used to determine system configurations, including aspheric elements 
and spherical-surface GRIN lenses, which are required to transform an input laser beam profile into a more useful form 
of illumination. This paper also summarizes applications of these techniques to the optical design of a two-plano-
aspheric lens system for shaping a rotationally symmetric Gaussian beam, a two-mirror system with no central 
obscuration for shaping an elliptical Gaussian input beam, and a three-element spherical surface GRIN system for 
shaping a rotationally symmetric Gaussian beam.   
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1.  INTRODUCTION 
Early thoughts of beam shaping in non-laser systems can be traced to before the days of Archimedes and his burning 
glass,1, 2 where optics was reported to concentrate -- to increase the power density of -- solar radiation.  The literature is 
rich with reports of various optical systems used as solar collectors.3, 4, 5, 6, 7  Welford and Winston8 have presented a 
good accounting of non-imaging (non-focusing) optics used as solar collectors, including an ideal light collector,9, 10 
which concentrates a beam by the maximum amount allowed by phase space considerations. Burkhard and Shealy11 have 
used a differential equation method to design a reflecting surface, which distributes the irradiance over a receiver surface 
in a prescribed manner.  McDermit and Horton12, 13 presented a generalized technique for designing a rotationally 
symmetric reflective solar collector, which can heat the collector surface in a prescribed manner.  Beam shaping has also 
been used in opto-electronics to achieve maximum power transfer between a micro-optics light source and an optical 
fiber,14, 15 in radiative heat transfer,16, 17, 18 in illumination applications,19, 20, 21, 22 and for reflector synthesis.23, 24  

For illumination applications using a laser beam, such as in holography, materials processing, and lithography, it is 
very important to uniformly illuminate the target surface.  Both reflective12, 25, 26, 27 and refractive28, 29, 30, 31, 32, optical 
systems have been used to shape laser beam intensity profiles. McDermit and Horton25 use conservation of energy within 
a bundle of rays to design rotationally symmetric reflective optical systems for illuminating a receiver surface in a 
prescribed manner using a non-uniform input beam profile.  Malyak,26 Shealy and Chao27 have designed a two-mirror 
laser profile shaping system with rectangular symmetry and no central obscuration.  Kreuzer29 has patented a coherent-
light optical system using two aspherical surfaces to yield an output beam of desired intensity distribution and wavefront 
shape.  Rhodes and Shealy30 derived a set of differential equations using intensity mapping and the constant optical path 
length condition to calculate the shape of two-aspherical surfaces of a lens system that expands and converts a Gaussian 
laser beam profile into a collimated, uniform irradiance output beam.  Using their method, two-plano-aspherical lenses 
have been designed, fabricated and used for laser beam shaping in a holographic projection system.33, 34, 35  Hoffnagle and 
Jefferson32 introduced convex aspherical surfaces for ease of fabrication and a continuous roll-off of the output beam 
profile for more control of the far-field diffraction pattern into their design of a refractive laser beam shaping system. 

Optical design of laser beam shaping systems has evolved considerably from the early work of Frieden28 and 
Kreuzer29 during the 1960’s to the contemporary work of many summarized in Refs. 36, 37, and 38.  This early work 
articulated well the goals of some contemporary laser beam shaping applications.  Namely, Frieden and Kreuzer sought 
to define an optical system that would transform an input plane wave with a Gaussian irradiance profile into an output 
plane wave with uniform irradiance.  Conservation of energy along a bundle of rays was used to establish a non-linear 
mapping of the ray coordinates between the input and output planes.  Frieden shows that the phase of the beam over the 
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output plane may vary by 20λ after redistribution of the beam irradiance.  Therefore, for laser beam shaping applications 
when the output beam phase is important, a second optical element must correct phase distortions introduced by the 
irradiance redistribution.  Frieden computed the shaping of an aspherical refracting surface that would re-collimate the 
output beam parallel to the optical axis and also to the input beam.  Keuzer imposed the constant optical path length 
condition for all rays passing through the beam shaping optics to control phase variation of the output beam.  
Unfortunately, optical design and fabrication technologies were generally not adequate until the 1980’s to permit 
realistic design, analysis, fabrication, and testing of laser beam shaping systems.  

Today, beam shaping is the process of redistributing the irradiance and phase of a beam of optical radiation.  The 
irradiance distribution defines the beam profile, such as, Gaussian, multimode, annular, rectangular, or circular.  The 
phase of the output beam determines its propagation properties.  Contemporary laser beam shaping systems can be 
grouped into two functional categories:  field mappers and beam integrators.  A field mapper transforms a known input 
beam into a desired output beam in a prescribed manner, can be effectively lossless, and works well for single-mode 
beams.  A beam integrator breaks the input beam into a large number of facets by a lens-array, and then, tries to spread 
the energy within each facet over the output region.  The output beam profile is a sum of the diffraction patterns of each 
lens-array aperture.  Beam integrators work well for multimode beams where the input profile may be unknown.    

Optical design of beam shaping systems can be achieved using either physical or geometrical optics.  There is no 
single beam shaping method that can be used for all applications.  Guidance in choosing a beam shaping technique is 
discussed in Chapter 1 of Ref. 37.  For single-mode Gaussian beams calculating the parameter β  will help determine the 
quality of solution available and whether geometrical or physical optics methods should be used 
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where λ is the wavelength, r0 is the beam radius or waist, Y0 is half-width of the desired output dimension, and f is the 
focal length of the focusing optic, or the working distance from the optical system to the target plane for systems without 
a defined focusing optics.  For simple output geometries, such as, circles and rectangles, the following rules of thumb 
have been developed:39   

• If β <4, a beam shaping system will not produce acceptable results. 

• When 4 < β < 32, diffraction effects are significant and should be part of design of beam shaping systems.   

• When β > 32, geometrical methods should be adequate for design of beam shaping systems. 
This paper will summarize the historical development and application of the geometrical methods40, 41  for designing 
reflective and refractive field mapping systems.  Field mapping is basic to all beam shaping, since one seeks to design a 
set of optical elements that map an input field into a desired output optical field.    

A historical perspective of the theory of geometrical methods for design of a laser beam shaping system is presented 
in section 2.  A brief overview is presented of the optical design process of incorporating the geometrical optics intensity 
law for propagation of a bundle of rays and the constant optical path length condition into the ray trace equations, and 
then, of determining the geometrical contour of several surfaces so that the beam shaping design conditions are satisfied.  
Optimization-based techniques, such as, genetic algorithms (GA), have also been shown to be effective methods for 
design of laser beam shaping systems.42  Three applications - a two-plano-aspheric lens system for shaping a rotationally 
symmetric Gaussian beam, a two-mirror system with no central obscuration for shaping an elliptical Gaussian input 
beam, and a three-element GRIN system with spherical surfaces for shaping a rotationally symmetric Gaussian beam – 
are discussed.  These applications have been selected to illustrate how the geometrical methods for optical design of 
laser beam shaping systems are applied to a range of configurations.  Section 3 presents a brief introduction to the 
benefits of using beam shaping optics when the overall efficiency increases if the detector is uniformly illuminated. 

2.  GEOMETRICAL METHODS  
In order to optimize the irradiance within an optical system, the optical field must be determined throughout the system.  
The optical field is a local plane wave solution of Maxwell's equations or the scalar wave equation.43, 44  For an isotropic, 
non-conducting, charge-free medium, the optical field may be written as: 

 u u ik S( ) ( ) exp ( )r r= 0 0 r , (2) 



where k0=ω/c=2π/λ0 is the wave number in free space; u0(r) and S(r) are unknown functions of r.  Requiring u(r) from 
Eq. (2) satisfy the scalar wave equation leads to the following conditions which must be satisfied: 
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where n is the index of refraction, and I is the energy density of the field times the speed of propagation within medium.  
Equation (3) is known as the eikonal equation and is a basic equation of geometrical optics.  The surfaces S(x,y,z)=const. 
are constant phase fronts of the optical field, have a constant optical path length (OPL) from the source or reference 
surface, and are known as the geometrical wavefront.  Equation (4) expresses conservation of radiant energy within a 
bundle of rays and is known as the geometrical optics intensity law for propagation of energy.  According to geometrical 
optics, the phase and amplitude of the optical field are evaluated independently.  First, the ray paths are evaluated 
throughout the optical system with ray tracing.  Then, the phase of the optical field is computed from the optical path 
length of the rays passing through the system.  The amplitude (or intensity) of the optical field is computed from the 
density of rays at any point within the system by monitoring the intensity variations along each ray.21, 45, 46 

For beam shaping systems with collimated input and output beams as illustrated in Figure 1, a useful expression for 
the energy within a bundle of rays47 as it passes through the system follows by integrating Eq. (4) over reference planes 
(or wavefront) normal to the input and output beam and then applying Gauss’ theorem 

 in outI dw I dW= . (5) 

Equation (5) expresses conservation of energy along a bundle of rays between input element of area and the 
corresponding output element of area on the wavefront or the reference planes normal to the beam.  Equation (5) says 
that the intensity times the cross-sectional area of the beam is constant along the beam as it propagates through the 
optical system and is a basic equation used for the optical design of laser beam shaping systems.  For some beam 
shaping configurations, it is necessary to introduce the conservation of energy condition into the optical design by using 
reference surfaces, such as for detectors, which are curved and/or have an arbitrary orientation with respect to the 
direction of the beam propagation.  In these cases it is necessary to take into account projecting the element of area of a 
reference surface perpendicular to direction of beam propagation when applying Eq. (5).  The total energy of the beam 
must also be conserved as the beam propagates through the system. 
 
 

 

Figure 1.  Schematic layout of a laser beam profile shaping system. 
Ray tracing48 is widely used to simulate the performance of both imaging and non-imaging optical systems.  By 

assigning each incoming ray equal energy density, then by counting the number of rays crossing a unit of area within the 
optical system, the irradiance can be computed throughout the optical system.  Kock45 reports a method to simplify 
photo-radiometric calculations of optical systems by using a reference sphere and ray tracing.  The flux flow equation 21, 

46, 49, 50 offers an alternate approach for evaluating the irradiance within an optical system.  The flux flow equation along 
with the ray trace equations are used to monitor the change in size of an element of area of a bundle of rays47 as the 
wavefront propagates through the optical system.  The flux flow equation depends on the beam parameters and the 
shape/orientation of the optical surfaces and allows the irradiance to be computed along a ray path as it propagates 



through an optical system.  The flux flow equation can also be considered as a differential equation of the optical surface 
contour, which can be solved if the input and output beam profiles are known.   

In order to accomplish the overall beam expansion and profile shaping as illustrated in Figure 1, two optical 
elements are required.  These optical elements may be either lenses or mirrors.  The first optical element typically 
expands and shapes the beam profile to satisfy conservation of energy according to Eq. (5), and the second optical 
element re-collimates the rays so that the constant optical path length condition is satisfied by the system, as illustrated 
by the two-lens beam shaping system shown in Figure 2.  Optical design of a laser beam shaping system seeks to define 
the optical components adequately so that the system can be analyzed, fabricated, and tested.  This generally requires 
specification of the shape and spacing between the optical surfaces as well as the index of refraction of all the media.  

2.1.  Rotationally Symmetric Systems  

When the incident beam enters the system at a distance r from the optical axis with an intensity distribution Iin(r), this 
beam leaves the optical system at a radial distance R from the optical axis with a power density of Iout(R).   Integrating 
Eq.  (5) over the input and output planes gives 
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system.  One of the two parameters, Rout or Iout, may be arbitrarily specified.  The other is determined from Eq. (6) to 
give 
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Once Iout  is known, the radius of an arbitrary ray in the output beam is given by: 
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where r is the radius or distance from the optical axis of the ray in the entrance pupil.  The positive sign is used in Eq. (8) 
when the rays are divergent from the first lens, i.e., the lens surface s is concaved, as shown in Figure 2.  The negative 
sign is used when the rays are convergent from the first lens, i.e., the lens surface s is concaved, and the rays come to a 
focus and cross the optical axis before reaching the second lens. 

In the fundamental, Gaussian TEM00 mode of a laser when the central intensity has been normalized to unity, the 
input beam profile is given by 

 ( ) ( )2exp 2 = − inI r r r  (9) 

where r0 is the beam radius or waist.  Alternatively, when P is the total power of the incident beam, the input intensity 
profile is given by  
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where rmax is the radius of input aperture or lens.  It is also helpful to note some authors characterize the input Gaussian 
beam profile in terms of another constant (α) equal to half the beam waist, i.e., α = r0 /2.  When the input beam profile is 
given by Eq.(9), the radius of beam in the exit aperture R can be evaluated from Eq. (8) to obtain 
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Equation (11) is used during the optical design process to reduce the number of independent variables when solving for 
the shape of the reflecting or refracting surfaces of the beam shaping system.   

The conservation of energy condition and the constant optical path length condition can be solved simultaneously 
with the ray trace equations for R(r), z(r), Z(R) when design parameters, such as, n, d, t1, t2 for the two-element system 
shown in Figure 2, are given.  It is interesting to note that several authors26, 27, 40 have shown that the sag of two optical 
elements of a laser beam shaping system can be expressed as a function of r  

 ( ) ( )z r f r dr C= +∫  (12) 

 ( ) ( ) ( )Z r z r g r= +  (13) 

where C is a constant, and f(r) and g(r) are functions defining the optical configurations.   
 
 

 

Figure 2. Geometrical configuration of a two-lens laser expander. (From Ref. 33.) 

2.1.1. One-mirror beam shaping system 

Consider the rotationally symmetric geometry of a one-mirror beam shaping system shown in Figure 3.   The radiation is 
incident upon the mirror surface s defined by z = z (r).  The equation of the receiver (detector) surface S is given by Z = 
Z (R).   The irradiance of the incident beam, Iin(r), is incident upon a circular ring about the z-axis of area da = 2πrdr and 
is reflected to a circular ring on the receiver surface S of area dA = 2πR [1 + (dZ/dR)2]1/2. The input radiation is 
collimated (parallel to optical axis) with a known intensity profile.  It is desired to irradiate the receiving surface 
(detector) with a prescribed intensity distribution without placing any conditions on the shape of the wavefront of the 
output beam.  The ray trace equation connecting the mirror surface s with the receiving surface S in the r-z plane is given 
by 
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which can be rewritten as 
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Applying the differential energy balance Eq. (5) to this problem gives 
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where the term (dR/dr) can be displayed as will be needed in Eq. (17) below.   
 
 



 
 

 
Figure 3.  Geometrical configuration of a one-mirror beam profile shaping system. 

Recall that Iin(r), Iout(R), and Z(R) are known functions of their respective variables, and z (r) is an unknown function at 
this point of the analysis.  Also, note that the ray trace Eq. (14) expresses a mapping between surfaces s and S, which 
implies that R is a function of r.  By implicit differentiation of Eq. (15) with respect to r, the differential energy balance 
equation (16) can be incorporated into the ray trace equation to give: 

 ( ) ( ) ( )2 21 1 2 1z dRR r z z z Z z
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2 0
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where the chain rule for differentiation of the function of a function term (dZ/dr) and Eq. (15) have been used.  The term 
(dR/dr) can be eliminated between Eqs. (16) and (17) to give the following differential equation which determines the 
sag z (r) of mirror surface s: 
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Equation (18) is equivalent to Eq. 3.14 of Ref. 12 or Eq. 13 of Ref. 13.  When appropriate boundary conditions are 
given, Eq. (18) can be solved for the shape of the mirror used to illuminate the receiver surface S with a prescribed 
intensity Iout(R) for a given source intensity profile Iin(r).  References 12 and 13 develop an extension of this analysis to 
two-mirror intensity profile shaping systems.  A number of specific solutions for both one- and two-mirror systems are 
given in Refs. 12 and 13 including two laser beam profile shaping systems, such as, uniform illumination of a plane 
perpendicular to the incident beam using a one-mirror system for an input Gaussian beam, Fig. 7.3 of Ref. 12, and with a 
two-mirror system, Fig. 7.9 of Ref. 12.   

2.1.2. Optical design of two-lens beam shaping system  
A summary of the historical development of the optical design of a two-lens laser beam shaping system with rotational 
symmetry is summarized in this section.  By shaping two optical surfaces, it is possible to expand and shape the beam 
profile to satisfy the geometrical optics intensity law and also re-collimate the rays passing through the system so that the 
constant optical path length condition is satisfied.   

Optical design method used by Frieden 
Frieden28 describes how to design an optical system for converting the plane wave from the fundamental Gaussian mode 
of a laser to a plane wave with uniform irradiance over a required cross section with all the power of the incident beam.  
Frieden assumes that the irradiance of the input beam is given by Eq. (10), expressed in terms of r0 = 2α.  Then, in a 
plane B a known distance from input plane A, the irradiance is uniform.  Using geometrical optics, it follows that light 



within any ring of radii r, r+∆r on plane A will strike plane B within another ring of radii R, R+∆R where the path for 
each ray height R (r) follows from the geometrical optics law of intensity or Eq. (8) which is in this case 
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The irradiance is uniform over the plane B, but the radiation is not a plane wave at B, since R (r) is nonlinear function of 
.  Therefore, a second optical element is required to achieve a plane wave over the plane B.  r

An expanded view of the two plano-aspheric lenses used for beam shaping is shown in Figure 4.  Frieden notes  
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where the approximation [ Z(R) ≈ t ] has been made in writing the right-hand side of Eq. (20).  The slope of the surface s 
is given by  
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Figure 4.  Expanded view of geometrical configuration of laser beam shaping system. 

Applying Snell’s law to rays refracted at z (r) expressed in terms of tanθr gives  

 ( )2tan 1 1r nz n zθ 2′ ′= − − . (22) 

Using trigonometric identity for tan(θr - θ1) = tanθ with Eqs. (21) and (22) allows Eq. (20) to be written as a nonlinear, 
first-order differential equation for z (r), the sag of surface s 
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Equation (23) can be solved numerically using Eq. (19) for the shape of the aspheric lens surface s, which will uniformly 
illuminate the plane B.  Frieden presents an approximate solution of Eq. (23) by assuming t >> z such that (t – z) ≈ t and 
1 – (n2 – 1 )z′2 ≈ 1.  Then, Eq. (23) can be written as 
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which can be written as a quadratic equation in z′  
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Equation (25) has the following solutions 
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Assuming (n - 1) t  > 2n (R - r), the square root in Eq. (26)  can be expanded to yield 
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where the negative sign is Eq. (27) was used to give a positive slope of the surface s.   Integrating Eq. (27) with Eq. (19) 
for R (r) gives the following expression for z (r): 
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Frieden uses Simpson’s rule to compute numerical values for the sag of surface s for a beam shaping optics with the 
following parameters: r0 =Rmax = 2mm; t=20mm; t1 = t2 = 5mm, α = 1.4mm, and n = 1.5.  Frieden notes that there is 
maximum optical path length variations over the output pupil plane of this system of 20λ.   Therefore, for most laser 
applications, a second beam shaping optic must be used to re-collimate rays over the output pupil. 

Frieden seeks to determine a functional relationship for the sag Z (R) of surface S such that any ray passing through 
the system leave parallel to the optical axis.  Applying Snell’s law at surface S gives 

 2
1sin sin 1r n n Z Z′ ′ ′ ′Θ = Θ = + . (29) 

where this form of Snell’s law assumes the output beam is parallel to the optical axis.  Noting that Θr = θ + Θ1 permits 
writing the following expression 
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Combining Eqs. (23), (29), and (30) lead to the followin  results 
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which is consistent with Eq. (12) of Ref.30.  It is interesting to note that when n = n′, then Z′ = z′ is a solution to Eq. (31) 
as reported in the literature.30, 31  Frieden presents an quadratic equation for Z′ and a numerical algorithm for computing 
Z(R) so that optical path difference over the entire pupil is now less than λ/20.  It is interesting to note that careful 
analysis of Figure 4 leads to the conclusion that when both lenses have the same index of refraction and when the input 
and output rays are parallel to the optical axis, then the slope of the two aspherical surfaces must be equal along a given 
ray.  Therefore, further analysis of Eq. (31) does not seem to relate to practical laser beam shaping systems. 

Optical design method used by Kruezer 
Kreuzer29 also developed a geometrical optics-based method to redistribute the rays of an input laser beam to yield an 
output beam with a prescribed intensity distribution while maintaining constant optical path lengths between the input 
and output wavefronts.  Kreuzer has presented design equations for a two-element refractive system that will transform a 
collimated input Gaussian beam into a collimated output beam with uniform irradiance as illustrated in Figure 2.  
Equation (9) gives the intensity of an input beam in Gaussian TEM00 mode with central intensity normalized to unity. 
Rays entering the system at a radial distance r leave the system with an output intensity of Iout (R) at a radial distance R 



as given by Eq. (11) where the positive solution of R is used for the configuration considered in Figure 2.  Based on the 
geometrical configuration shown in Figure 4, 
 θ− = ( , )sinR r s SR . (32) 

where ( ) ( )2R r Z z− + − 2R = .  Eliminating R  between Eqs. (11) and (32) gives 
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which must be satisfied by values of r  on the refracting surface s in order to redistribute the input beam profile 
according to the requirement of conservation of energy.   

When both the input and output wavefronts are planar, all rays passing through the beam shaping system must have 
the same optical path length.  Equating the optical path length of an axial and non-axial ray leads to  
 ( ) ( )1 1 cosd n n 0θ− + − =R . (34) 
Snell’s law for rays refracted at surface s towards S is given by  
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From Figure 4, tan 1θ  is the slope of surfaces s and S, or  
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A goal of this analysis is to express z (r) and Z (R) in terms of n, d, and r.  Kreuzer proceeds by eliminating  between 
Eqs. (32) and (34) to give 
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Dividing Eq. (35) by co 1sθ  and displaying 1tanθ  gives  
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Eliminating θ between Eqs. (37) and (38) will give a first order differential equation for z (r).  Kreuzer obtains this result 
by squaring Eq. (37) and adding to (n2 –1) 
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Noting that the right-hand side of Eq. (39) is the square of the inverse of the right-hand side of Eq. (38) allows one to 
write the following expression for the slope of surfaces s and S 
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Integrating the first Eq. (36) with Eq. (40) leads to an expression for z (r) which defines s 
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where Eq. (11) expresses R (r).  Similarly, integrating the second Eq. (36) with Eq. (40) leads to an expression for Z(R) 
which defines S 
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where inverting Eq. (11) expresses 
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In summary, the first lens is a plano-aspheric element where the sag of the aspheric surface is defined by Eq. (41) using 
Eq.  (11) for R (r).  The second lens is an aspheric-plano element where the sag of the aspheric is defined by Eq. (42)
where r (R) is given by Eq. (43).  Kreuzer notes that if d  is sufficiently large, then the term (n 2 – 1) in Eqs. (41) and 
(42) can be neglected.  Then, one has 
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Kreuzer also presents an example solution for the shape of the aspherical surfaces by tabulating z (r) and Z (R) for n = 
1.5117, d = 150mm, rmax = Rmax = 15mm, and r0  = 14mm.  In this case, ninety-percent of the input beam is incident upon 
the beam shaping optics.  Kreuzer further notes that the first lens can be a focusing, convex-aspheric element whose sag 
can be evaluated by replacing R by -R in the above equations. 

Optical design method used by Rhodes, Jiang, and Shealy 
Both the optical design methods of Frieden and Kreuzer involve solving couple differential equations or two integral 
equations for the sag of the two refracting surfaces.  Rhodes, Jiang, and Shealy30, 33 simplify the optical design process 
by showing that the sag of two aspheric surfaces satisfy equations in the form of Eqs. (12) and (13).  For more details 
and application of these results, see Refs. 31, 34, 35, 40, and 41.  Consider the configuration of a refracting laser beam 
shaping system shown in Figure 2.  The two curved surfaces are used to satisfy the laser beam shaping design 
conditions.  Rays are refracted at surface s according to Snell's law.  The ray trace equation of refracted ray  traveling 
from the point (r, z) on surface s to the point (R, Z) on surface S is given by  
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Equation (45) can be expressed as a quadratic equation in z ′  and solved to yield 
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The positive solution for z′ is used for the lens configuration shown in Figure 2 where the first lens is divergent. For this 
system, the height of the ray R at the second lens with entrance pupil height r is computed Eq. (11) with the positive 
solution.  The term (Z - z) in Eq. (46) is determined by the constant optical path length condition realized by setting the 
axial optical path length equal to that of a general ray 
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which is a quadratic equation for the term (Z – z) as a function of the entrance pupil aperture radius r.  After squaring Eq. 
(47) and collecting terms, the solution of the resulting quadratic equation is 
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where the positive sign of the radical has been used so that the solution reduces to the appropriate value of (Z – z) = d  
when r = R = 0.  It is interesting to note that Eq. (46) permits z ′  to be expressed as a function of r, thus, enabling z (r) to 
be evaluated by integration, as illustrated in Eq. (12).  References 33 and 34 present results for design, fabrication, and 
testing of a two-lens laser beam shaping system similar to configuration shown in Figure 2. 

2.1.3. Analysis, fabrication, and testing of two lens beam shaping systems 
Several optical design methods for calculating the sag of the two aspherical lens surfaces required to shape an input 
Gaussian beam have been discussed in the previous section.  The design methods of Rhodes, Jiang, and Shealy have 
been used to develop a prototype laser beam shaping system, which has been designed, fabricated and tested.33 The lens 
thickness is not involved in the design differential equations, but is an important factor to be considered, since it relates 
to the energy absorption by the optics.  The lens thickness of each element has been assumed to be 10mm for this 
system.  Another system parameter, the distance between the two lenses is important for optical design, fabrication, and 
testing of the system.  The larger the spacing between the two elements, the smaller the surface curvature of each 
element required to satisfy the design conditions.  However, if the element spacing is too large, the system will be 
difficult to assemble and test.  The distance between these elements has been arbitrarily chosen for this system to be five 
times the diameter of the lens elements.   

Table 1.  Surface parameters of a HeCd (441.57nm) laser profile shaping system where the distance between the primary and 
secondary lens is 150mm.  (From Ref. 40) 

Lens Surface Parameters Primary Mirror SecondaryMirror 
Diameter (mm) 30.0 30.0 

Vertex Radius (mm) 47.861445 113.64905 
Index of Refraction  1.43916 (CaF2)   1.43916 (CaF2)  

Thickness (mm) 10.0 10.0 
Conic Constant, κ  -1.1143607 -1.4877144 

A4(mm-3)  -7.1532887x10-5 -2.6522455 x 10-6 

A6(mm-5)  3.3729843 x 10-7 9.4058758x10-9 

A8(mm-7)  -1.4916816x10-9 -2.3096843x10-10 

A10(mm-9)  5.9836543x10-12 1.5839557x10-12 

A12(mm-11)  -1.5166511x10-14 -4.8438745x10-15 
 
The index of refraction of the lenses affects the shape of refracting surfaces s and S. For this application the lens 

elements must have a high transmission for the wavelength of the laser being used [441.57mm for Helium Cadmium 
(HeCd) laser] with this prototype laser beam shaping system.  There are several materials with good transmission 
properties at 441.57nm51 Acrylic (PMMA) Plastic, Calcium Fluoride (CaF2), Crown Glass (BK7), Lithium Fluoride 
(LiF), Fused Quartz, and Fused Silica.  Acrylic Plastic is difficult to polish.  Fused Quartz, Fused Silica, and Crown 
Glass are difficult to machine with a single-point diamond lathe as required in making these aspheric surfaces.  Lithium 
Fluoride contains defects and is difficult to work with.  Calcium Fluoride has good transmission properties (~95%) 
within the range of 150 – 9000nm, can be machined with a single-point diamond lathe, and is also the least expensive of 
this group of materials.  Therefore, CaF2 has been selected as the lens material for this laser beam profile shaping 
system.  The index of refraction of CaF2 is a function52 of the wavelength of the light being used: 
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where λ is measured in units of microns (µ) and λ1 = 0.05026360µm; λ2 = 0.1003909µm; λ3 = 34.649040µm; A1 = 
0.5675888; A2 = 0.4710914; A1 = 3.848723.  Using Eq. (49), the index of refraction of CaF2 has been calculated to be 
1.43916 at the HeCd laser wavelength of 441.57nm. 



For this laser profile shaping system, the laser beam is expanded from 16mm to 25mm in diameter while the beam 
intensity profile is flattened.  After solving the differential equations, a non-linear least squares fitting process was used 
to fit the lens surface data to the conventional optics surface equation 
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where C (vertex curvature), κ (conic constant), and A2i (coefficients of the polynomial deformation terms) are surface 
parameters that are determined by the fitting process for each surface.   The data for surfaces s and S obtained from 
solving the differential equations has been fit to many different expressions for the optics surface equation.  More 
aspheric terms will generally give a better fit with smaller least squared errors.  However, it is easier to fabricate and test 
surfaces with a non-zero conic term and a small number of polynomial deformation terms.  The data in Table 1 with 
non-zero conic constant plus five deformation terms represents a compromise between fitting accuracy, optical modeling 
performance, and ease of fabrication. 

2.1.4. Analysis of Lens Performance 
The optical performance of the optical system defined by Table 1 has been modeled and compared to the design 
conditions of the laser profile shaping system.  Applying the flux flow equation46 to this lens system, the intensity of a 
cross-section of the output beam has been evaluated.  A careful computation of the area under the surfaces generated by 
rotating around the optical axis the input and output intensity profiles given in Figure 7 of Ref. 40 shows that the total 
power is conserved for this laser beam profile shaping system.  The optical path difference (OPD) of the output beam for 
the shaping system defined in Table 1 has also been evaluated over the aperture.  The maximum OPD for this system is 
0.0017λ, which corresponds to the absolute OPD of 0.75nm for the HeCd laser.  This demonstrates that the shape of the 
output wavefront has the same shape as the input wavefront, as required by the constant OPL condition 

It is also interesting to consider how this laser 
beam shaping system would perform using a different 
laser wavelength, λ′. Since the index of refraction is a 
function of wavelength as given by Eq. (49) and since 
these optics have been designed for a specific n(λ), it is 
important to determine whether a set of laser beam 
profile shaping optics can be used for multiple λ.  For 
example, if the optics defined in Table 1 were used 
with a Helium Neon (HeNe) laser with wavelength 
632.8nm, the index of refraction of the lenses would be 
reduced to 1.43289.  Then, according to Snell's law, the 
light leaving the primary lens would not be refracted as 
strongly as the HeCd light.  The separation between the 
two lenses would need to be increased to accommodate 
this decrease in index of these lenses to insure that the 
light is incident upon the secondary at the appropriate 
height so that it will be refracted parallel to optical axis 
as illustrated in Figure 5. 

 

 Figure 5.  Illustrates the relationship λ and d. 

Now, we will derive an expression for the lens separation for a particular ray so that this ray will be incident upon 
surface S at a suitable point such that after refraction, this ray will leave the secondary lens at the appropriate height R to 
insure conservation of energy and to be parallel to the optical axis.  The new distance d can be calculated from Eq. (46), 
since r, R, and z′ are known.  Equation (46) can be written as a quadratic equation of (Z – z) with the physical solution 
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Once (Z – z) is known, then the corresponding value of d can be determined by solving Eq. (48) as a quadratic equation 
for d: 
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If the lenses are separated by the vertex spacing d of Eq. (53), then the ray leaves the secondary lens parallel to the 
optical axis.  However, every ray in the entrance pupil will require a different lens spacing d.  Calculations have shown 
that the optical system defined in Table 1 will need a lens spacing of approximately d = 152.18mm when used to shape 
the 632.8nm HeNe laser beam profile.  The maximum difference between the lens spacing for all rays is less than 10 
microns, which is smaller than alignment errors.  Therefore, it seems reasonable to use this laser beam profile shaping 
system at multiple wavelengths.  

The two plano-aspherical lenses of Table 1 has fabricated by Janos Technology, Inc. of Townshend, Vermont, using 
a single point diamond lathe where CaF2 was used as the lens material.  A scanning video system was used to measure 
the input and output beam profiles.   A full discussion of these experimental results is presented in Refs. 33 and 34. 
There was approximately a 10% variation of the output beam intensity for the system fabricated and made during the 
early 1990’s.  The output wavefront shape of this two plano-aspherical lens laser beam profile shaping system has also 
been evaluated.  Imposing the constant optical path length condition requires the output wavefront to have the same 
geometrical shaping as the input wavefront, which is assumed to be planar.  The collimated radiation of the input laser 
beam has a very small divergence, which means that the beam diameter does not increase or decrease with propagation 
within limits of geometrical optics.  For propagation of the output wavefront of this laser profile shaping system around 
the laboratory, say 10m, the output beam diameter remained constant.  To quantify this result, Ronchigrams53 of the 
input and output beams were recorded using the video system described in this section for recording the beam intensity 
profile.54  Analysis of these Ronchigrams indicates that the output beam wavefront has the same shape as the input 
wavefront.  In addition, a HeNe laser was used to illuminate these profile shaping optics, and the predictions of section 
2.1.4 have also been confirmed.  When using a HeNe laser with 632.8nm radiation, the lens spacing was increased to 
152.2mm according to the predictions of Eq. (53).   

2.2. Non-Rotationally Symmetric Systems 
For a projective transformation55 in optics, a point in image space can be expressed as a linear function of the 
coordinates of the object point.  Perfect imaging systems, such as, Maxwell's “fish-eye” lens or stigmatic imaging of 
surfaces, are examples of projective transformations in optics.  In practice, aberrations are present in many optical 
systems, and point-to-point imaging is not possible, except to the first-order or paraxial approximation.  Cornwell56, 57 

notes that all real optical systems perform non-projective transformations to some extent.  That is, there is a non-linear 
dependence between input (or object) and output (or image) coordinates. 

The redistribution of rays leading to the beam shaping allows for transformation of a Gaussian input beam into a 
more uniform (top-hat, Fermi-Dirac, or super-Gaussian) irradiance output beam requires a non-linear relationship 
between the input and output aperture coordinates.  Therefore, the geometrical methods40 for designing a laser beam 
shaping system are an example of a non-projective transformation in optics.  Cornwell notes that the first element of a 
laser beam profile shaping (non-projective transform) system creates sufficient aberrations in the wavefront to 
restructure the intensity of the beam after propagation of the wavefront over a specified distance.  Then, the second 
element of a laser beam profile shaping system has suitable contour to restore the original wavefront shape of the beam. 
If the purpose of a laser beam profile shaping system is to uniformly illuminate a surface, then the second element is not 
needed.  Symbolically, a laser beam profile shaping system may be considered to be a “black box” which transforms an 
input laser beam (plane wave) with a Gaussian intensity distribution into an output beam (plane wave) with uniform 
intensity distribution.  The input and output beams have radii r and R, respectively, as shown in Figure 2.  Reference 56 
presents extensive discussion of many types of laser beam shaping systems and draws some interesting general 
conclusions.   

In particular, Cornwell provides a seven-step recipe for designing two-element systems, which perform non-
projective transformations, such as, laser profile shaping systems.  Since the contents of Ref. 56 are not widely available 
in the optics literature to the knowledge of this author, these seven steps are summarized below: 



1. Write out differential power expressions for the intensity distributions over the input and output planes.   
Rectangular Coordinates 

 ( , ) ( , )in outI x y dxdy I X Y dXdY=  (54) 
 

Polar Coordinates 
 ( ) ( )in outI r rdr I R RdR=  (55) 
 

2. Use the conservation of energy to relate the input and output beam parameters. 
Rectangular Coordinates 

 ( , ) ( , )in out
Input Aperture Output Aperture

I x y dxdy I X Y dXdY=∫ ∫  (56) 

 
Polar Coordinates 

 ( ) ( )in out
Input Aperture Output Aperture

I r rdr I R RdR=∫ ∫  (57) 

 
3. Determine the magnification relating the input and output ray heights. 

Rectangular Coordinates 
Assume the intensity functions are separable  

 ( ) ( )( , )in x yI x y a x a y=  (58) 

 ( ) ( ) ( ),out X YI X Y A X A Y=  (59) 
Allowing for non-uniform shaping of a laser beam profile in two orthogonal directions, X = mx(x)x and Y = 
my(y)y, the rectangular magnifications follow from combining Eqs. (54), (58) and (59)   
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where Ci are constants determined by boundary conditions, such as, the magnification for a rim ray.   
Polar Coordinates 
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where C is a constant determined from the boundary conditions. 
4. Express the optical path length (OPL) between input and output reference surfaces of an arbitrary ray in terms 

of the OPL of a reference ray. 
5. Determine the sag z (r) of the first element. 
6. Determine the inverse magnification relating the ray coordinates at the first and second elements.  
7. Determine the sag Z (R) of the second element. 

2.2.1. Optical design of a two-mirror laser beam shaping system 
The seven-step recipe of the previous section has been used to design of a two-mirror laser beam shaping system with 
rectangular symmetry and no central obscuration. For more details, see Refs. 27 and 41.  Figure 6 shows the geometrical 
configuration of the two-mirror laser beam shaping system considered.  The input and output beams are collimated and 
parallel to the optical axis.  Assume the input beam irradiance is given by 
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where (x0, y0) are the beam waist in the x, y directions, and the central intensity is normalized to unity.  The output beam 
irradiance is uniform.  In this case, explicit expressions for X(x), Y(y), Z(x,y), and Z(X,Y) have been evaluated.41  Using 
these results, the performance of a two-mirror laser beam shaping system which transforms an input beam with elliptical 
cross section of 3:1 ratio of beam waist in perpendicular directions has been analyzed.27  The aspherical deviation of 
mirror surfaces from best-fit sphere has been shown to be 120µm for a 6mm diameter mirror. The optical analysis 
software ZEMAX58 has been used for performance modeling and tolerancing analysis of this system. These results show 
that the first mirror surface has a strong aspherical component along the direction of smaller input beam waist and that 
the output beam profile remains fairly uniform when the mirror decentation is less than 2.5% of the maximum mirror 
surface dimension and tiltation is less than 2.5 degrees about the coordinate axis. 
 

 
Figure 6.  Geometrical configuration of a two-mirror laser beam shaping system with rectangular symmetry. (From Ref. 27) 

2.3. Genetic Algorithm Optimization Method 
For more complex configurations, it is often difficult to obtain analytical solutions to the laser beam shaping design 
conditions.  Genetic algorithm (GA) optimization methods have been shown to work well designing laser beam shaping 
systems, when the merit function contains both discrete and continuous parameters.42 As an example of a more complex 
problem—one difficult to solve using more conventional methods—the GA technique has been used to design a gradient 
index (GRIN) laser beam shaping system.  Wang and Shealy59 solved this problem using a differential-equation design 
method.  Though Wang was able to produce several perfectly good solutions, the GRIN profiles of the lenses reported 
were determined solely by solving the differential equations, and no constraints were imposed that the GRIN profiles of 
the lenses correspond to those that can be found in common glass catalogs.  It follows that a challenging problem for the 
GA optimization method would be to create a laser shaping system with spherical-surface GRIN elements, as Wang did, 
but to do so with the added constraints that catalog GRIN glass types are used and the number of lens element required is 
an optimization variable.  Solution to this problem will represent a way to construct a laser beam shaping system without 
use of aspherical optics or esoteric GRIN profiles.59  The optical design for this system involves using genetic algorithms 
(GA) to maximize a laser beam shaping merit function, Eq. (65), within a 26-dimensional parameter space.60  To solve 
this optical design problem, the GA not only must optimize surface shapes of the GRIN elements and their spacing, but 
also must determine the actual number of GRIN elements in the solution, up to a certain limit (four, in this case), and the 
type of GRIN material for each element must be selected from a vendor GRIN glass catalog.  This type of problem 
distinguishes the GA method from deterministic methods (i.e., those that rely on derivatives and a smooth, continuous 



merit function) since the merit function required for this problem depends on a complicated mix of discrete and 
continuous parameters.  For more details and applications of these results, see Refs. 42, 60, and 61.  

The optical design of this system solves for the attributes (radii, thickness, and spacing) of the lens elements, the 
GRIN glass type from a catalog, and the number of elements needed for a system of this configuration to satisfy the 
beam shaping design conditions – conservation of energy within beam and constant optical path length condition.  
Twenty-six parameters of the lens system are determined by the GA optimization.  The merit function M includes terms 
that favor a specific beam diameter, a uniform irradiance output beam profile, and a collimated output beam.  The 
following merit function satisfies these design objectives and is maximized during design:  
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where RTarget is the desired radius of the output beam, RN is the radial height of the marginal ray on the output surface,  γi 
is the angle the ith ray makes with the optical axis, s and Q are convergence constants used to adjust importance of 
different components of merit function during optimization, and Iout(Rk) is the irradiance of ray in output beam.  (See 
Ref. 61 for a detailed discussion of this GA optimization process and construction of a suitable merit function to use 
when designing laser beam shaping systems.)  The exponential function is used in the merit function, since it peaks 
strongly as parameters approach their design targets.  Also, as the output beam profile becomes more uniform, the 
denominator of Eq. (65) approaches zero, and M increases substantially.  In summary, the merit function rewards those 
systems, which tend to increase the value of M and penalize systems with smaller values of M as the GA optimization 
searches throughout both the discrete and continuous parameter space.  After 12,367 generations (iterations), the GA 
converges to a three-element GRIN lens system with all spherical surfaces which is illustrated in Figure 7.  For more 
discussion of convergence of the GA optimization method for application to laser beam shaping systems, see Ref. 60. 
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Figure 7.  Raytrace for the free-form GA-designed GRIN shaper system. (From Ref. 60) 

3.  APPLICATIONS 
Laser beam profile shaping optics are well suited for applications whose overall efficiency increases when the irradiance 
over the detector (or substrate) is uniform, such as in compact holographic projector systems.62, 63, 64  These compact 



holographic projection systems have been reported to offer a practical way to make a highly corrected mesh or grid 
pattern over curved surfaces where the pattern can range in size from sub-micron to multi-micron.  The laser profile 
shaping optics within a holographic projection system enables uniform features to be written over substrates of several 
centimeters in diameter.35 To understand this increase in system efficiency when using laser beam shaping optics, note 
that for a Gaussian beam with irradiance given by Eq. (9), the intensity of the beam decreases to 1/e2 ≈ 13.5% of its axial 
value at the beam radius. The effect of this variation in beam intensity over a Gaussian beam is illustrated in Figure 8 
where (A) shows significant variation in pattern densities at the center and edge of beam for the same substrate (film) 
and exposure time when a laser profile shaping optics is not part of the system, and (B) shows almost uniform pattern 
densities at the center and edge of beam when laser profile shaping optics are part of the system.  Therefore, when beam 
shaping optics are introduced into a holographic projection processing system35 as illustrated, the detector substrate will 
be uniformly illuminated, and photochemical reactions take place at the same rate over the entire substrate area, thus, 
enabling the full beam diameter to be available for material processing.  Introducing laser shaping optics into 
holographic projection processing systems have lead to a significant increase in quality of micro-optics fabricated over 
the substrate. 

 
 

Figure 8.  Interference patterns produced by a 4-beam holographic projection processing system when illuminated with a Gaussian 
beam.  The image on the left side of the figure was taken near the center of the beam, and the image on the right side of the figure was 

taken near the edge (waist) of the beam.  The images (A) were taken when the laser beam profile optics was not part of projection 
system, and the images (B) were taken when laser beam profile shaping optics was part of projection system.  (From Ref. 34) 



4.  SUMMARY AND CONCLUSIONS 
An overview of the development and application of the geometrical methods for design of laser beam shaping systems 
has been presented.  This geometrical optics-based theory for designing laser beam shaping is based on conservation of 
radiant energy within a bundle of rays, the ray trace equations, and the constant optical path length condition for cases 
when contour of the incident wavefront is maintained as the beam passes through the system.  This theory has been used 
to compute the sag of the optical surfaces for two-plano-aspheric lens system and a two-mirror configuration and to 
setup a laser beam shaping merit function for a genetic algorithm optimization of a three-element GRIN system with 
spherical surfaces.   

In the first example, numerical techniques were used to solve the differential equations for the sag of the shaping 
elements in a two-lens laser beam shaping system, which has been fabricated and tested. In the second example, 
analytical and numerical techniques were used to determine and analyze the performance of a two-mirror laser beam 
shaping system with no central obscuration, which can transform an elliptical Gaussian input beam into a rectangular-
symmetric output beam with uniform irradiance. The optical analysis software ZEMAX has been used for performance 
modeling and tolerance analysis for this system. These results show that the first mirror surface has a strong aspherical 
component along the direction of smaller input beam waist and that the output beam profile remains fairly uniform when 
the mirror decentation is less than 2.5% of the maximum mirror surface dimension and tiltation is less than 2.5 degrees 
about the coordinate axis.   

In the last example, genetic algorithms (GA) were used to design a spherical-surface GRIN lens laser beam shaping 
system, where catalog GRIN glass types are used and the number of lens element required is an optimization variable.  
The optical design for this system involves maximizing a merit function based on output beam irradiance, size, and 
direction of propagation within a 26-dimensional parameter space.  To solve this optical design problem, the GA 
optimized surface shapes of the GRIN elements and their spacing, determined the actual number of GRIN elements in 
the solution, up to a certain limit (four, in this case), and the type of GRIN material for each element was selected from a 
GRIN glass catalog. These applications show that the geometrical methods for design of range of laser beam shaping 
systems are effective for these types of configurations. 
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